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HARDY 
RESOURCE MANUAL 


I. THE HARDY-WEINBERG PRINCIPLE 


A. INTRODUCTION 


The fact that a trait is dominant does not ensure that it will be 
prevalent in a population. Polydactilism in humans is the condition of 
being six-fingered. Strangely enough, this condition is dominant over 
the five-fingered condition. Yet about 97% of the population are five- 
fingered, leaving only 3% of the population with the dominant trait. Why, 
if polydactilism is dominant, aren't there more six-fingered individuals? 


The answer to this seeming paradox can be found in a principle first 
formulated by an English mathematician, G. H. Hardy, and a German physician, 
W. Weinberg, in 1908, The Hardy-Weinberg Principle says that under certain 
constant conditions* the genotypic ratios for any single-gene characteristic 
remain the same from one generation to the next in a sexually reproducing 
population. In other words, under certain constant conditions, a genetic 
equilibrium is established for the population with regard to the trait in 
question. 


The mathematical form of the Hardy-Weinberg Principle gives us a way 
of actually calculating these genotypic ratios. If we could look at the 
gene pool of a population with respect to the characteristic under Study, 
we could observe the frequencies of the dominant and recessive alleles; 
i.e., the proportion of alleles for the trait that are dominant and the 
proportion that are recessive, 


If we let P represent the frequency of the dominant allele and Q 
the frequency of the recessive allele, the Hardy-Weinberg Principle may 
be written: 


Pp? + 2PQ + Q*% = 1 


At this point you may be wondering what this expression means and how 
it arises; how the Hardy-Weinberg Principle in this form can actually be 
used to calculate the genotypic ratios; or how the Principle explains the 
case of polydactilism, where a dominant characteristic is shown by only 32 
of the population. In the following sections on the derivation of the 
Hardy-Weinberg Principle, you should be able to find answers to all these 
questions. 


ES Sl 


*See p.6 for necessary conditions. 


B. DERIVATION OF THE HARDY-WEINBERG PRINCIPLE 


Let us begin by looking at the gene pool of a population with regard to _ « 
-the dominant and recessive alleles for polydactilisn. Suppose there are 
1,000 people in our sample population and that 97% (.97) of this population 
display the five-fingered condition. This means that 970 people out of the 
1,000 are homozygous recessive, while only 30 persons are either homozygous 
or heterozygous dominant. Before we can calculate the per cent of the next 
generation who will display the dominant or recessive trait, we must deter- 
mine the make-up of the gene pool of the present generation. In other words, 
we must find the frequency of the dominant allele for polydactilism as well 
as the frequency for the recessive allele in the gene pool of the present 
population.* 


~~ 


t t 
P's andQs e 


You'll recall that we let P represent the frequency of the dominant 
allele and Q the frequency of the recessive allele in the gene pool of our 
population. Assuming that there is no reason one allele should be inherited 
more easily than the other, how often each allele is inherited depends only 
on the frequency of the alleles in the gene pool. For this reason P and Q 
can also be thought of as the probability or chance of inheriting a dominant 
or recessive allele, respectively. 





With P and Q so defined, we can refer to two simple laws of probability 
to help us determine actual values for P and Q. Once we have these values, 
we will be able to determine genotypic and phenotypic ratios for the next 
generation. 


A Little Probability 

There are many real-life situations or events where only two outcomes 
are possible. The tossing of a coin represents such an event: the outcome 
of a coin toss must be either heads or tails. If a coin is not weighted 
you know that on the average, over a large number of tosses, heads will 
show half the time. We can therefore say that the probability of getting 
heads is 1/2. We will use the following shorthand to represent this state- 
ment: 

probability of heads = P(heads) = 1/2 

Since we can also expect to get tails half the time, eS 


probability of tails = P(tails) = 1/2 








*This problem is actually solved in the THACHER MANUAL. 


Now suppose that we have a coin weighted to give heads more often than 
tails. We toss the coin a large number of times, recording the outcome of 
each toss, and find that 3 out of 4 times we get heads, while only 1 out of 
4 times do we get tails. We can therefore say that the probability of get- 
ting heads is 3/4, while the probability of getting tails is 1/4: 





P (heads) 


3/4 
P(tails) = 1/4 
~ Notice that for a fair coin: 


P(heads) + P(tails) = 1/2 + 1/2 


Il 


and for the weighted coin: 
P(heads) + P(tails) = 3/4+1/4=1 


The significance of the probabilities of the individual outcomes adding up 

to 1 is that only two outcomes (getting heads or getting tails) are possible 
in each case, and that each time the coin is tossed, one or the other outcome 
must occur.* We can generalize our experience with coin-tossing to obtain 
our first law of probability: 


LAW #1: THE SUM OF THE PROBABILITIES OF ALL THE POSSIBLE OUTCOMES 
FOR A GIVEN EVENT MUST EQUAL 1. 


With this knowledge we can work backwards to obtain the probability 
of a specific outcome when we know the probabilities of all other outcomes. 





A Little More 


Our second law of probability deals with what are known as independent 
events. Independent events are events which, generally speaking, have no 
effect on each other. More precisely, the occurrence or nonoccurrence of 
one event does not change the probability of the other event occurring, if 

4s the two events are independent. Successive tosses of a coin constitute 
such independent events: obtaining heads or tails on one toss in no way 
affects the probability of getting heads or tails on the next toss. It 
é turns out that for any two independent events the following is true: 





We're assuming that the coin can't land on its edge -- and stay there. 








LAW #2; THE PROBABILITY THAT BOTH EVENTS OCCUR IS FQUAL TO THE 
PROBABILITY OF ONE EVENT TIMES THE PROBABILITY OF THE 
OTHER EVENT. 


* 





We can use our second law to find the answer to such problems as cal- 
culating the probability of obtaining first heads, then tails, on two 
successive tosses of a coin. Since P(heads) = 1/2 and P(tails) = 1/2 for 
a fair coin, and successive tosses of a coin constitute independent events, 


P(obtaining heads, then tails) = P(heads) x P(tails) * 
ef? eis 
= 1/4 * 


Probability and the Hardy-Weinberg Principle 


Now we will apply the probability we have learned to the case of gene 
inheritance to obtain the Hardy-Weinberg Principle. Recall that we said 
P and Q represent the probabilittes of inheriting a dominant or recessive 
allele respectively, as well as the frequenctes of the dominant and reces- 
sive alleles within the gene pool of a population. Assuming there are only 
two alleles for a specific trait (and, therefore, only two possibilities 
for inheritance), we have by LAW #1 that the probability of inheriting the 
dominant allele plus the probability of inheriting the recessive allele © 


equals 13; i.e., 


according to our notation. Our second law of probability told us something 
very useful about independent events: for two independent events, the 
probability that both events occur is obtained by multiplying the proba- 
bility of one event by the probability of the other. The key point to 
remember is that the inheritance of one allele is independent of the 
inheriting of the other. By LAW #2 then, the probability of inheriting 
any combination is equal to the probability of inheriting one allele 

times the probability of inheriting the other: 








P(inheriting any two alleles) = P(inheriting one allele) x 
P(inheriting other allele) 








*Our second law can be generalized to apply to cases with any number of 
independent events n: FOR WN INDEPENDENT EVENTS, THE PROBABILITY THAT ALL 
N EVENTS OCCUR EQUALS THE PRODUCT OF THE PROBABILITIES OF THE N INDIVIDUAL 
EVENTS. 








Now we can determine the probability of being homozygous dominant (H-D), 
) | heterozygous dominant (h-D), or homozygous recessive (H-R), with respect to 
a characteristic for which we know P and Q within the population: 





P(being H-D) P(inheriting dominant allele) x 


P(inheriting dominant allele) =P xP = 


° P(being h-D) = P(inheriting dominant allele) x 
P(inheriting recessive allele). 
. + P(inheriting recessive allele) x 


P(inheriting dominant allele) 
(PxQ) + (xP) = PQ + we = = [279] 


P(being H-R) = P(inheriting recessive allele) x 
P(inheriting recessive allele) =QxQ= 


Notice that the probability of being heterozygous dominant is 2 PQ. 
This is understandable because an individual can be h=-D in two ways: either 
by inheriting the dominant allele from the mother and the recessive allele 
from the father or vice versa. 


What do the probabilities P*, 2PQ and Q? represent in terms of the 
frequencies of different genotypes in the population? Well, if you again 
recall that the probabilities P“, 2PQ and Q? can be thought of as propor- 
tions, the answer is obvious: Pp? is the proportion of the population that 
is H-D; 2PQ the proportion that is h=-D, and Q2 the proportion that is H-R. 





Because any individual within the population must be either H-D, h-D, 
or H-R with regard to the characteristic in question, the proportions pe, 
2PQ and Q* include the total population. By LAW #1, then, the sum total 
of these proportions is equal to 1 (100% of the population): 


p2 + 2PQ + Q% = 1 


This is the Hardy-Weinberg Principle. 








C. APPLICATIONS OF THE HARDY-WEINBERG PRINCIPLE 





The Hardy-Weinberg Principle gives us a way of determining the geno- 
typic and phenotypic ratios for a population with regard to a specific 
trait once we know P and Q, the frequencies of the dominant and recessive 
alleles within the gene pool of the population. Conversely, if we know 
the genotypic ratios (all we meee actually, is the proportion of the 
population that is recessive: Q 2) ° we can determine the allele frequencies 
P and Q. 


It is easy to see from the Hardy-Weinberg Principle that if P and Q ft 
remain the same from one generation to the next, so will the genotypic 
ratios. For this reason the fact that a trait is dominant does not imply 
that it will be increasingly prevalent in a population as evidenced by the 
case of polydactilism. The genotypic ratios will change only if something 
upsets the genetic equilibrium. 





D. NECESSARY CONDITIONS FOR GENETIC EQUILIBRIUM 


The following conditions must be met in order for P and Q to remain 
the same and for a genetic equilibrium to exist: 


1) The population must be large enough so that chance 
alone cannot significantly affect gene frequencies. 


2) The amount of immigration or emigration is 6 
negligible. 


3) There is essentially no mutation or there is 
mutational equilibrium. 


4) Individuals of each genotype have equal chances 
of surviving and leaving offspring. 


5) Mating is entirely random. (There is no selection 
for a particular trait.) 


























Ii. SAMPLE RUNS 


The following runs illustrate the solution of the three problems pre- 
sented in the STUDENT and TEACHER MANUALS. 


PROBLEM 1: Assume that the gene for white wool in sheep is dominant over 
the gene for black wool. If 250 out of 1000 sheep observed 
in a large population have black wool, what per cent are 
homozygous white and what per cent are heterozygous white? 


DO YOU WISH TO COMPILE YOUR OWN INFORMATION ON A SPECIFIC 
TRAIT CI=YES, S=NO) 71 


NUMRER OF ORGANISMS EXAMINED ?194% : 
NUMBER OF ORGANISMS SHOWING RECESSIVE TRAIT 7254 


WHAT PROPORTION OF THOSE SX4MIVED SHOWED THE RECESSIVE TRAIT 
THIS TS .QtQ 72225 


Q = Be5 

GENOTYPE PROPORTION NUMBER 
HOMOZYGOUS DOMINANT - AePS 250 
HETEROZYGOUS DOMINANT Ae5 SAA 
HOMOZYGOUS RECESSIVE %e25 259 


PROBLEM 2; If we know that 128 out of 200 people surveyed for being 
tasters or nontasters of PTC show the dominant character- 
istic, what per cent of the general population (approxi- 
mately 1000 people) are heterozygous? 


NUMPER OF ORGANISMS EXAMINED ?296 
NUMRER OF ORGSNISMS SHOWING RECESSIVE TRAIT ?772 


WHAT PROPORTION OF THOSE EXAMINED SHOWED THE RECESSIVE TRAIT 
THIS [5 Q*Q 236 


Q = Heh 

GENOTYPE PROPORTION NUMBER 
HOMOZYGOUS DOMINANT Aelfh | 32 
HETEROZYGOUS DOMINANT Ae AS 96 


HOMOZYGOUS RECESSIVE Ae 36 g $e 





PROBLEM 3: Polydactilism in humans is the condition of being six- 
fingered. Although this condition is dominant over the 
five-fingered condition, 97% of the general population 
are five-fingered. What per cent of the population are 
homozygous dominant and what per cent are heterozygous? 


NUMRER OF ORGANTSMS EXAMINED ?130 
NUMBER OF ORGANISMS SHOWING RECESSIVE TRAIT 797 


WHAT PROPORTION OF THOSE EXAMINED SHOWED THE RECESSIVE TRAIT 
THIS IS O*0 ? «97 


Q = 9.924926 


GENOTYPE PROPORTION VOUMRER 
HOMOZYGOUS DOMINANT y) 25 
HETEROZYGOUS DOMINANT AeA 3 
HOMOZYGOUS RECESSIV® AeDT 97 


r 




















III. THE HARDY MODEL 





* 





ASSUMPTIONS 


The Hardy-Weinberg Principle and consequently the HARDY 
program operate under certain assumptions as listed in 
Part I, Section D, of this Manual. (Please see page 6.) 





» 
LIST OF VARIABLES 
. 
Y Frequency of Dominant Allele 
(or probability of inheriting dominant allele) 
Q Frequency of Recessive Allele. 
(or probability of inheriting recessive allele) 
T Designation for Dominant Allele 
Tl Designation for Recessive Allele 
Sl Sample Size 
R1 Number Recessive 
EQUATIONS (Please see Part I of this Manual for explanation 


and more detailed development.) 


i) P+Q=1 


ii) Pp? + 2PQ.+ Q? = 1 








IV. PROGRAM LISTING 





REM HARDY -= PROGRAM ON THE HARDY-WEINBERG GENETICS PRINCIPLE 
REM COPYRIGHT 1973 - STATE UNIVERSITY OF-NEW YORK. 

REM P=FREQUENCY OF -T ALLELE (DOMINANT) =» 

REM Q=FREQUENCY OF Tl. ALLELE CRECESSIVE) 

REM S1=SAMPLE SIZEs.R1=NUMBER RECESSIVE 

REM DEVELOPED BY Ke MOYs Re COOPERMANs AND Ae FRISHMAN. 

REM PROGRAMMED..BY Ce LOSIKs JANUARY 1972 

REM LATEST REVISION: 11-28-73 

REM. LET Q=RNDC1) * 
RANDOMIZE 

PRINT “POPULATION GENETICS STUDY - THE. HARDY-WEINRERG PRINCIPLE" 

LETN=6 


PRINT ? 


PRINT "HAVE YOU. TRIED THIS PROGRAM BEFORE (1=YESs» @=NO0)"'3 

INPUT B 

IF B=1 THEN 394 

IF B<>8 THEN 216 

PRINT 

PRINT" THE HARDY-WEINBERG PRINCIPLE PROVIDES 4& SIMPLE way" 

PRINT'TO CALCULATE THE. PROPORTION OF ORGANISMS IN A POPULATION" 
PRINT'THAT ARE HOMOZYGOUS DOMINANT,» HETEROZYGOUS DOMINANT. OR" 
PRINT"HOMOZYGOUS RECESSIVE WITH REGARD TO A SPECIFIC TRAIT. ALL" 
PRINT"WE NEED TO DETERMINE THESE PROPORTIONS ARE THE PROPORTION OF" 
PRINT"ALLELES IN THE GENE POOL WHICH ARE DOMINANT FOR THIS TRAIT" 
PRINT'CP) AND THE PROPORTION WHICH ARE RECESSIVE (Q)e" @ 
PRINT \ ) 
PRINT"WE WILL GIVE YOU A POPULATION OF RATS TO WORK WITH. SOME” # 


| PRINT“HAVE SHORT HAIR» SOME HAVE LONG HAIR. SHORT HAIR IS" 


PRINT"DOMINANTs LONG HAIR RECESSIVE. THERE ARE 1009 SPECIMENS.” 
GO TO 519 

PRINT"DO YOU WISH TO COMPILE YOUR OWN INFORMATION ON A SPECIFIC" 
PRINT'TRAIT (1=YESs B=NO)"S 

INPUT C 

IF C=1 THEN 749 

IF C<>@ THEN 399 

PRINT "DO YOU WANT: 1=THE ORIGINAL RAT POPULATION, OR" 
PRINT "2=A NEW RAT POPULATION. WHICH"S 

INPUT N 

IF N=1 THEN 519 

IF N<>2 THEN 449 

LET N=RNDC1) 

GO TO 52g 

LET N=e19 | 

PRINT "HOW MANY RATS DO YOU WANT TO SAMPLE"3 

INPUT S1 

IF S1<>INT(S1) THEN 520 

IF ABSCS1-591)>580 THEN 520 

PRINT 

IF Si>25 THEN 690 


Jalil . a 





PRINT “RAT PHENOTYPE" 


PRINT “a22 eewmaeanne ~~ 
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LET R1=0 

FOR I=1 TO S1 

LET Q=RNDC1) 

IF Q<N THEN 670 

IF S$1>25 THEN 790 

PRINT 13" SHORT HAIR" 

GO TO 709 

LET R1=R1+1 

IF S1>25 THEN 790 

) PRINT 13" LONG HAIR" 

4 NEXT I 

PRINT "TOTAL NUMBER RECESSIVE ="3R1 

PRINT “TOTAL NUMBER DOMINANT ="3S1-R1 

GO TO 349 

PRINT 

PRINT "NUMBER OF ORGANISMS EXAMINED" 

INPUT S1 

IF $1<1 THEN 759 

IF S1<>INTCS1) THEN 753 

PRINT "NUMBER OF ORGANISMS SHOWING RECESSIVE TRAIT" 
INPUT Rl 

IF R1I<>INTCR1) THEN 799 

IF R1l<1 THEN 799. 

IF R1>S1 THEN 759 

PRINT 

PRINT'WHAT PROPORTION OF THOSE EXAMINED SHOWED THE RECESSIVE TRAIT" 
PRINT'THIS IS QQ" 

INPUT N 

IF ABS(N-+5)<=.5 THENIGI 

PRINT"PLEASE INPUT THE PROPOPORTION IN THE FORM OF A™ 
PRINT"DECIMAL NUMBER BETWEEN 0-690 AND 1.99" 
GOTO859 

IF ABS(N-R1/S1)<.91 THEN 930 

PRINT "PLEASE CHECK YOUR CALCULATIONS." 

GO TO 859 

LET Q=SQR(R1/S1) 

LET P=1-0 

PRINT 

PRINT 

IF B=1 THEN 1276 
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971 PRINT. 


29a 


12 


976 PRINT 
986 PRINT "TO DETERMINE THE. VALUE OF P AND @ AND THE GENOTYPIC" 
990 PRINT “RATIOSs» RECALL THAT:" 
1960 PRINT 
1910 PRINT "le P + @ = 1 SINCE THE PROPORTION OF ALLELES IN THE GENE" 
1920 PRINT " POOL WHICH ARE DOMINANT FOR A TRAIT PLUS THE" 
1930 PRINT " PROPORTION WHICH ARE RECESSIVE REPRESENT ALL ALLELES" 
1949 PRINT " IN THE GENE POOLs"™ 
1959 PRINT | 
1869 PRINT "2- P*P REPRESENTS THE PROPORTION OF THE POPULATION THAT" 
1978 PRINT " ARE HOMOZYGOUS DOMINANT»" 
1989 PRINT 
1094 PRINT "3. 2*P*Q REPRESENTS THE PROPORTION THAT ARE HETEROZYGOUS" 
1160 PRINT * DOMINANT» " 
1110 PRINT 
1120 PRINT "4. Q*Q REPRESENTS THE PROPORTION OF THE POPULATION THAT" 
1130 PRINT " SHOW THE RECESSIVE TRAIT,» 1eE. THAT ARE HOMOZYGOUS" 
1149 PRINT " RECESSIVE." 
1189 PRINT | 
1199 PRINT "5S. PeP + 2*P#*Q + Q#Q = 1 SINCE THE PROPORTION OF THE" 
1299 PRINT * POPULATION THAT ARE HOMOZYGOUS DOMINANT, PLUS THE" 
1219 PRINT "' PROPORTION THAT ARE HETEROZYGOUSs PLUS THE" 
1229 PRINT " PROPORTION THAT ARE HOMOZYGOUS RECESSIVE REPRESENT" 
1239 PRINT " THE TOTAL POPULATION." 
1249 PRINT 
1241 PRINT"=----------------------~------~---- +--+ + 
1250 PRINT 
1260 PRINT "IN THE ABOVE EXAMPLE, "3 
127% PRINT "Q ="3Q 
1289 PRINT 
1299 PRINT "GENOTYPE", " ", "PROPORTION", "NUMBER" 
13906 PRINT ee ee ww, "A a ee mama TF, FE a in con Oe ok e: 
1316 PRINT "HOMOZYGOUS DOMINANT", INTC1QQ9*P*P+.5)/100> 
1313 LETZ9=INTCP*P*S1+.5) 
1314 GOSUB 1499 
1329 PRINT. "HETEROZYGOUS DOMINANT", INTC200*P*0+.5)/100> 
1323 LETZ9=INTC2*P*Q*S1+.5) 
1324 GOSUB 1490 
1330 PRINT "HOMOZYGOUS RECESSIVE"s INTC100*Q*0+e5)/190>5 
1333 LETZ9=INTCQ#Q*S1+.5) 
1334 GOSUB 1492 
1349 PRINT 
1359 PRINT 
1366 PRINT "DO YOU WISH TO REPEAT THIS PROGRAM (1=YES, 9=NO)"'3 
1378 INPUT B 
1389 IF B=1 THEN 399 
1399 IF B<>@ THEN 1369 
1399 STOP 
1499 IFZ9=@ THEN 1415 
1495 PRINTTAR( 44~ INT(LOG(Z9+ +005) L0G¢ 10999529 
1410 RETURN 
1415 PRINTTABC44)39 
1424 RETURN 
END 
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